ABSTRACT. We study the long time behavior of delay differential equation, considered in a bounded domain in R d . Using the short trajectory method to prove the existence of the exponential attractor. Also we have estimates on the fractal dimension of an exponential attractor.
Introduction
In this note we restrict our attention to the DDE x (t) = −µx(t) + f (x(t − τ )), 
x(θ)
=
Ä ÑÑ 1.1º If f is Lipschitzian then the solution is unique.

P r o o f. Let x(t), x(t) be two solutions on [−τ, T ]. We subtract equations for x(t), x(t) to get x(t) − x(t)
ESTIMATES ON THE DIMENSION OF AN EXPONENTIAL ATTRACTOR
We assume x = x in [−τ, 0], we obtain
It follows from integral form of Gronwall's inequality that g(σ) = 0 and hence
The mapping S : R + ×C → C, S(t, ϕ) = x t , for all t ≥ 0 (where x is the unique solution with the initial condition ϕ) is well defined and have the semigroup property for DDE (1.1), i.e., S(0) = I and S(t + s) = S(t)S(s) also S(t)ϕ is continuous in t and is continuous respect to ϕ.
By uniqueness of solution and
where s, t ≥ 0, −τ ≤ σ ≤ 0 and use of Lebesgue's convergence theorem
We recall several notions from the theory of dynamical systems and analysis.
Of course, if a global attractor exists, then it is unique.
Ò Ø ÓÒ 1.1º Let X be a Banach space. By N (A, ρ) we denote the smallest number of sets with diameter ≤ 2ρ that cover A ⊂ X . The fractal dimension is defined by
The following lemma gives a useful help to get desirable result.
Ä ÑÑ 1.2º Let S : X → X be Lipschitz continuous, and let there exist θ ∈ (0, 1)
and a constant K > 0 such that for any
Then, the dynamical system (S n , X ) has an exponential attractor E * , and 
The following are equivalent.
(1) Dynamical system (S n , B) has an exponential attractor E * ;
where κ is Lipschitz constant of L.
P r o o f. The existence of E * implies (1.6) with θ = e −σ and K = e dσ , where σ is the constant appearing in above definition and d > 0 is arbitrary number such that dim
and definition holds with σ = − ln θ. For more details see [4] .
is compact iff it is closed, bounded and equicontinuous.
A continuous map T : X → X is conditionally compact continuous if A ⊂ X bounded and T A bounded imply T A is compact. T is completely continuous if it is conditionally compact continuous and also a bounded map. 
integrating this equation we obtain
and then lim sup
) is bounded below by constant K. By the same arguing as above (1) S(t)B is bounded; let ϕ ∈ B is bounded then by (1.5)
ESTIMATES ON THE DIMENSION OF AN EXPONENTIAL ATTRACTOR
by (H 1 ) and boundedness of x(0) we get as wish. Or if t = 1 in right hand
S(1)ϕ is bounded then S(t)ϕ is bounded for all t ≥ 0.
(2) S(t)B is equally continuous, i.e., fo rall ε > 0 there exist δ > 0 s.t. for
, it is enough we choose δ = 
Exponential attractor
The aim of this section is to prove that ({S(t)} t≥0 , C([−τ, 0], R)) has an exponential attractor, also we will show the estimate of its fractal dimension, the main idea of the proof is to use the so called method of trajectories, cf. [2] One usually first constructs the exponential attractor for a certain discrete dynamical system (S n , C) subgroup of S t generated by L = S(τ ) with fixed delay time τ . Then use of Lemma (1.3) to extend it for the entire dynamics.
We estimate the difference of the time derivatives. we establish a kind of "smoothing property". C is replaced with the smaller Banach space 
Ä ÑÑ 3.1º The mapping L is well defined and (global) Lipschitz continuous.
P r o o f. We assume as Lemma (1.1) that x(t), x(t) be two solutions on [0, τ] with initial function ψ and ψ. We subtract equations for x(t), x(t) to get
Which asserts that L = S(τ ) is Lipschitz continuous.
Let x = s(τ )ψ and x = S(τ ) ψ be two solutions
can covered by K balls of radius 1 in the space C([0, t * ], R), where
Furthermore, there exist point
We consider the set
We claim that the balls B(X , 1), X ∈ N cover the set A. Let ψ ∈ A be arbitrary function, there exists
It suffices to show this for fixed t ∈ [t i , t i+1 ].
By piecewise linearity of X in [t i , t i+1 ] we get
and we done as desired.
) has exponential attractor E * , and
Where
P r o o f. The key step of the proof is to show that, for F ⊂ B with diam C (F ) ≤ 2ρ, there exist θ ∈ (0, 1) and K > 0 independent of F and ρ s.t.
Once this is done, we establish by induction that
. And the conclusion follows from Theorem 1.1. 
and K independent of F and ρ. Also we know that
.
This covering is equivalent to the problem of this satisfy in condition of Lemma 3.2 with M = 4κ, B = 4κ. Then
The dynamical system (S(t), C) associated with DDE (1.1) has exponential attractor E. its fractal dimension is estimated as 
use of integral form of Gronwall's inequality
Then
S(t)ψ − S(t) ψ
for evaluation the dimension we substitute (3.3) into (1.5), yielding (3.4) and this prove the lemma.
